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We derive the low-energy eetive ation for three-dimensional superuid Fermi systems in the
strong-oupling limit, where superuidity originates from Bose-Einstein ondensation of omposite
bosons. Taking into aount density and pairing utuations on the same footing, we show that
the eetive ation involves only the fermion density ρr and its onjugate variable, the phase θr
of the pairing order parameter ∆r. We reover the standard ation of a Bose superuid of density
ρr/2, where the bosons have a mass mB = 2m and interat via a repulsive ontat potential with
amplitude gB = 4piaB/mB , aB = 2a (a the s-wave sattering length assoiated to the fermion-
fermion interation in vauum). For lattie models, the derivation of the eetive ation is based on
the mapping of the attrative Hubbard model onto the Heisenberg model in a uniform magneti eld,
and a oherent state path integral representation of the partition funtion. The eetive desription
of the Fermi superuid in the strong-oupling limit is a Bose-Hubbard model with an intersite
hopping amplitude tB = J/2 and an on-site repulsive interation UB = 2Jz, where J = 4t
2/U (t
and −U are the intersite hopping amplitude and the on-site attration in the (fermioni) Hubbard
model, z the number of nearest-neighbor sites).
PACS numbers: 74.20.Fg, 71.10.Fd, 05.30.Jp
I. INTRODUCTION
Reent progress in the experimental ontrol of ultra-
old atomi Fermi
1,2,3,4,5
gases has revived the interest in
the rossover from the weak-oupling BCS limit of super-
uid fermions to the strong-oupling limit of ondensed
omposite bosons.
6,7
In this paper, we derive the low-
energy eetive ation for a superuid Fermi system in
the strong-oupling limit, both in ontinuum and lattie
models. The latter may be relevant for high-Tc super-
ondutors or ultraold Fermi gases in an optial lattie.
A Bose superuid is desribed by a omplex eld
ψBr =
√
ρBre
iθBr
where ρBr is the boson density at po-
sition r in spae. The equation of motion derived from
the standard ation of a Bose system leads to the Gross-
Pitaevskii equation,
8,9
i.e. a non-linear Shrödinger
equation for the ψB eld. The Gross-Pitaevskii equa-
tion yields a simple desription of quantum maro-
sopi phenomena like the Josephson eet or the ux
quantization,
10,11
and has proven to be a tool of hoie
for the understanding of many phenomena in ultraold
atomi Bose gases.
12
In Fermi systems, there is in gen-
eral no simple relation between the amplitude of the su-
peruid (pairing) order parameter ∆r and the fermion
density ρr. This suggests that a minimal desription,
aiming at making ontat with the standard desription
of a Bose superuid, should at least inlude the super-
uid order parameter ∆r and the density ρr from the
outset. In the strong-oupling limit, where superuid-
ity originates from Bose-Einstein ondensation (BEC) of
omposite bosons, we expet the desription in terms of
ρr and ∆r = |∆r|eiθr to be redundant and the superuid
to be desribed by a single omplex eld ψr =
√
ρr/2e
iθr
(ρr/2 being the density of omposite bosons).
Previous studies of the BCS-BEC rossover in super-
uid Fermi systems an be divided into two ategories. In
the rst type of approah,
6,13,14,15,16,17,18
the density ρr is
not onsidered expliitely and a pairing eld∆HSr is intro-
dued by means of a Hubbard-Stratonovih transforma-
tion of the fermion-fermion interation. In the BEC limit,
the standard ation S[ψ∗, ψ] of a Bose superuid is re-
overed if one identies ψr to ∆
HS
r (after a proper resal-
ing). For a ontinuum model, the bosons have a mass
mB = 2m and interat via a repulsive ontat potential
with amplitude gB = 4πaB/mB, aB = 2a (a is the s-
wave sattering length assoiated to the fermion-fermion
interation in vauum). The main (oneptual) diulty
of this approah is that the Hubbard-Stratonovih eld
∆HSr is not the physial pairing eld ∆r = |∆r|eiθr but
rather its onjugate eld.
19
Although both elds oin-
ide at the mean-eld level, they dier when utuations
are taken into aount. As a result, ψr ∝ ∆HSr does not
orrespond to
√
ρr/2e
iθr
as expeted.
In the seond type of approah to the BCS-BEC
rossover,
19,20,21
the physial density and pairing elds,
ρr and ∆r, are introdued from the outset. For on-
tinuum models, only the weak-oupling limit has been
onsidered.
19,21
For lattie (Hubbard) models in the
strong-oupling low-density limit, one nds that the or-
der parameter amplitude and the density are tied by the
relation |∆r| =
√
ρr/2, so that the low-energy eetive
ation an be written in terms of a single omplex eld,
∆r =
√
ρr/2e
iθr ≡ ψr.19,20 In the ontinuum limit, one
nds that the (omposite) bosons have a massmB = 1/J
and interat via a repulsive ontat potential with ampli-
2tude gB = 8J (in two dimensions), where J = 4t
2/U (t
being the intersite hopping amplitude and −U (U ≥ 0)
the on-site attrative interation).
20
Most of the theoretial works on the BCS-BEC
rossover in ultraold atomi Fermi gases have been for-
mulated within a fermion-boson model,
22
aiming at in-
orporating the moleular states involved in the Fesh-
bah resonane whih drives the rossover. While the
equivalene of the fermion-boson model to an ee-
tive single-hannel model in the rossover region may
be questionable,
23,24
both models are equivalent in the
strong-oupling limit.
The outline of the paper is as follows. In Se. II, we
extend the approah of Ref. 19 to the strong-oupling
limit of a ontinuum model. The partile-partile and
partile-hole hannels are onsidered on the same foot-
ing, and the (physial) density (ρr) and pairing (∆r)
elds are introdued from the outset. The low-energy
eetive ation is derived by assuming small utuations
of the olletive elds about their mean-eld values. We
nd that utuations of ρr and ∆r are not independent,
so that the low-energy ation an be written in term of
a single omplex eld ψr =
√
ρr/2e
iθr
. We reover the
standard ation of a Bose superuid with mB = 2m and
gB = 4πaB/mB, aB = 2a. For a lattie model (Se. III),
we follow the approah introdued in Ref. 20. We map
the attrative Hubbard model onto the half-lled repul-
sive Hubbard model in a uniform magneti eld oupled
to the fermion spins. In the strong-oupling limit, the lat-
ter redues to the Heisenberg model in a uniform eld.
The low-energy eetive ation of the attrative model is
nally dedued from the oherent state path integral rep-
resentation of the Heisenberg model. In the low-density
limit, where the Pauli priniple (whih prevents two om-
posite bosons to oupy the same site) should not matter,
|∆r| ≃
√
ρr/2 and the superuid Fermi system an be
desribed by the omplex eld ψr =
√
ρr/2e
iθr
. We nd
that the eetive desription of the Fermi superuid is
a Bose-Hubbard model with intersite hopping amplitude
tB = J/2 and an on-site repulsive interation UB = 2Jz
(where z is the number of nearest-neighbor sites).
II. CONTINUUM MODEL
We onsider a three-dimensional superuid fermion
system with the ation S = S0 + Sint,
S0 =
∫ β
0
dτ
∫
d3r c†r
(
∂τ − µ− ∇
2
2m
)
cr,
Sint = −g
∫ β
0
dτ
∫
d3r c∗r↑c
∗
r↓cr↓cr↑, (1)
where c
(∗)
rσ are Grassmann variables, cr = (cr↑, cr↓)
T
, τ
an imaginary time and β = 1/T the inverse temperature.
−g is the attrative interation between fermions (g ≥ 0).
The hemial potential µ xes the average fermion den-
sity ρ0. To suppress ultraviolet divergenes appearing
in the perturbation theory, one regularizes
15
the loal
fermion-fermion interation with a uto Λ ating on the
fermion dispersion: ǫk = |k|2/2m ≤ Λ. g and Λ de-
termine the s-wave sattering length a dened by the
low-energy limit of the two-body problem in vauum,
m
4πa
= −1
g
+
∫
ǫk≤Λ
d3k
(2π)3
1
2ǫk
. (2)
a is negative for small g and diverges when g = 2π2/mΛ.
For g > 2π2/mΛ, there is a two-body bound-state (om-
posite boson) with energy EB = −1/ma2 and the sat-
tering length a is positive. The latter also determines
the extension of the bound-state. Low-energy properties
depend solely on a (and not g or Λ); we shall therefore
take the limit g → 0 and Λ→∞ with a xed. In the fol-
lowing, we onsider the BEC limit dened by ρ0a
3 ≪ 1
(a > 0), where superuidity originates from BEC of om-
posite bosons.
The (real) density and (omplex) pairing elds,
ρr = c
†
rcr,
Szr = c
†
rσ
zcr,
∆r = cr↓cr↑,
∆∗r = c
∗
r↑c
∗
r↓, (3)
an be introdued in the ation by means of real
(ρHSr , ρ˜
HS
r ) and omplex (∆
HS
r ) Lagrange multipliers:
S =
∫ β
0
dτ
∫
d3r
{
c†r
(
∂τ − µ− ∇
2
2m
)
cr
−gγ|∆r|2 − gα
4
(ρ2r − Szr 2)
+iρHSr (ρr − c†rcr) + iρ˜HSr (Szr − c†rσzcr)
+i[∆HSr (∆
∗
r − c∗r↑c∗r↓) + c.c.]
}
. (4)
(σx, σy , σz) denotes the Pauli matries. Integrating over
ρHSr , ρ˜
HS
r ,∆
HS
r and ρr, S
z
r ,∆r, we reover the original a-
tion (1) if we hoose α + γ = 1.25 The relative weights
α and γ of the partile-hole and partile-partile han-
nels are arbitrary. All the resulting eetive ations are
equivalent when treated exatly. However, to reover the
mean-eld results from a saddle-point approximation, we
take α = γ = 1. When only low-energy long-wavelength
utuations about the mean-eld state are onsidered,
there is no overlapping of the two hannels and there-
fore no overounting.
19
Note that by integrating out the
physial elds Szr , ρr and ∆r, one reovers the ation
S[c, ρHSr , ρ˜
HS
r ,∆
HS
r ] whih is generally obtained by means
of a Hubbard-Stratonovih deoupling of the interation
term. Thus the Lagrange multipliers ρHSr , ρ˜
HS
r and ∆
HS
r
enforing the onstraints (3) an also be seen as Hubbard-
Stratonovih elds.
19
In the following, we neglet spin
utuations (ρ˜HSr and S
z
r ) sine they do not play an im-
portant role when the interation is attrative.
3A. Mean-eld theory
The mean-eld theory is obtained from a saddle-point
approximation where the elds ρr, ∆r, ρ
HS
r and ∆
HS
r
are taken spae and time independent. The saddle-point
equations read
ρ0 = 〈c†rcr〉, iρHS0 =
g
2
ρ0,
∆0 = 〈cr↓cr↑〉, i∆HS0 = g∆0,
∆∗0 = 〈c∗r↑c∗r↓〉, i∆HS0
∗
= g∆∗0. (5)
With no loss of generality, we an take ∆0 = ∆
∗
0 real.
i∆HS0 = i∆
HS
0
∗
is then real at the saddle point. It is on-
venient to redene i∆HS0 → ∆HS0 and i∆HS0 ∗ → ∆HS0 ∗ (so
that ∆HS0 = ∆
HS
0
∗
is real) and absorb iρHS0 in the deni-
tion of the hemial potential. The mean-eld ation is
then (up to an additive onstant)
SMF =
∫ β
0
dτ
∫
d3r
[
c†r
(
∂τ − µ− ∇
2
2m
)
cr
−∆HS0 (c∗r↑c∗r↓ + c.c.)
]
. (6)
From (6), we readily obtain the normal and anomalous
Green funtions,
G(k, iω) = −〈cσ(k, iω)c∗σ(k, iω)〉 =
−iω − ξk
ω2 + E2k
,
F (k, iω) = −〈cσ(k, iω)cσ¯(−k,−iω)〉 = ∆
HS
0
ω2 + E2k
,
F ∗(k, iω) = −〈c∗σ¯(−k,−iω)c∗σ(k, iω)〉 = F (k, iω), (7)
where Ek = (ξ
2
k + ∆
HS
0
2
)1/2, ξk = ǫk − µ, and σ¯ = −σ.
cσ(k, iω) is the Fourier transformed eld of crσ and ω a
fermioni Matsubara frequeny. Using (2) and (7), we
an rewrite the saddle-point equations (5) as
m
4πa
=
∫
k
(
1
2ǫk
− 1
2Ek
)
,
ρ0 =
∫
k
(
1− ξk
Ek
)
, (8)
where
∫
k
≡ ∫ d3k/(2π)3. Eqs. (8) determine the hem-
ial potential µ and the order parameter ∆HS0 = g∆0.
In the strong-oupling limit ρ0a
3 ≪ 1, one obtains (see
Appendix B)
µ = − 1
2ma2
(1− 2πρ0a3),
∆HS0 =
(
4πρ0
m2a
)1/2(
1 +
π
4
ρ0a
3
)
. (9)
B. Low-energy eetive ation
In this setion, we derive the low-energy eetive a-
tion for the physial elds ρr and ∆r. Sine our deriva-
tion partially follows Ref. 19, we desribe only the main
steps (tehnial details are given in Appendix A). The
main assumption is that the olletive bosoni elds ρr,
ρHSr , ∆r and∆
HS
r weakly utuate about their mean-eld
values.
Starting from the ation (4) (with α = γ = 1), where
∆r = |∆r|eiθr , (10)
we perform the hange of variables
cr → cre i2 θr , ∆HSr → ∆HSr eiθr . (11)
We then onsider the shift ρHSr → ρHS0 + ρHSr , i∆HSr →
∆HS0 + i∆
HS
r and i∆
HS
r
∗ → ∆HS0 + i∆HSr ∗ (reall that a
fator i has been inluded in ∆HS0 and ∆
HS
0
∗
), so that the
Hubbard-Stratonovih elds ρHSr and ∆
HS
r now desribe
(small) utuations about the mean-eld values. This
leads to the ation
S = SMF +
∫ β
0
dτ
∫
d3r
[
c†r
(
i
2
θ˙r − i
4m
∇θr ·
↔
∇
+
(∇θr)
2
8m
− µB
2
− iρHSr
)
cr − i(∆HSr c∗r↑c∗r↓ + c.c.)
+(i∆HSr
∗
+ i∆HSr + 2∆
HS
0 )|∆r|
−g|∆r|2 − g
4
ρ2r + (iρ
HS
0 + iρ
HS
r )ρr
]
, (12)
where
↔
∇ =
→
∇−←∇. Here we write the hemial potential
as µ = µMF + µB/2 where µMF is the hemial potential
in the mean-eld approximation. The next step is to shift
ρHSr , iρ
HS
r → iρHSr + iθ˙r/2 + (∇θr)2/8m− µB/2, and to
introdue Nambu spinors φr = (cr↑, c
∗
r↓)
T
. This gives
S = SMF + S
′ +
∫ β
0
dτ
∫
d3r
[
−g|∆r|2 − g
4
ρ2r
+(2∆HS0 + i∆
HS
r + i∆
HS
r
∗
)|∆r|
+ρr
(
iρHS0 + iρ
HS
r +
i
2
θ˙r +
(∇θr)
2
8m
− µB
2
)]
,(13)
where
S′ =
∫ β
0
dτ
∫
d3r
(
−iρHSr jz0r +
1
2
∇θr · j0r
−i∆HSr j+0r − i∆HSr
∗
j−0r
)
, (14)
jz0r = φ
†
rτ
zφr = c
†
rcr,
j+0r = φ
†
rτ
+φr = c
∗
r↑c
∗
r↓,
j−0r = φ
†
rτ
−φr = cr↓cr↑,
j0r = −
i
2m
φ†r
↔
∇φr = − i
2m
c†r
↔
∇cr. (15)
(τx, τy, τz) are Pauli matries ating in Nambu spae.
The eetive ation S[ρ, ρHS,∆,∆HS] is obtained by in-
tegrating out the fermions. To quadrati order in the
bosoni elds and their gradient (∂τ or ∇), it is su-
ient to retain the rst and seond order umulants of S′
4with respet to the mean-eld ation:
S[ρ, ρHS,∆,∆HS] =
〈
S′ − S
′2
2
〉
c
+
∫ β
0
dτ
∫
d3r
[
−g|∆r|2 − g
4
ρ2r
+ (2∆HS0 + i∆
HS
r
∗
+ i∆HSr )|∆r|
+ ρr
(
iρHS0 + iρ
HS
r +
i
2
θ˙r +
(∇θr)
2
8m
− µB
2
)]
, (16)
where the averages 〈· · · 〉c are alulated with respet to
the mean-eld ation SMF. Calulating the rst and se-
ond order umulants and integrating out the Hubbard-
Stratonovih elds ρHSr and ∆
HS
r (Appendix A), we ob-
tain
S[ρ,∆] =
∫ β
0
dτ
∫
d3r ρr
(
i
2
θ˙r +
(∇θr)
2
8m
− µB
2
)
+
∑
q
(δρ−q, δ|∆|−q)
(
βq −gαq
−gαq g2γq
)(
δρq
δ|∆|q
)
, (17)
where δρq and δ|∆|q are the Fourier transforms of δρr =
ρr − ρ0 and δ|∆r| = |∆r| −∆0, and
βq =
1
2
Πzz00(q)
−1 − g
4
− 1
Cq
[Πzz00(q)
−1
Πz+00 (q)]
2,
−gαq = 1
Cq
Πzz00(q)
−1
Πz+00 (q),
g2γq = − 1
Cq
− g,
Cq = −Π+−00 (q) −Π++00 (q) + 2Πzz00(q)−1Πz+00 (q)
2
.
(18)
We use the notation q = (q, iων) and
∑
q =
∑
q,ων
where
ων is a bosoni Matsubara frequeny. The mean-eld or-
relation funtion Πνν
′
00 (q) = 〈jν0 (q)jν
′
0 (−q)〉c is alulated
in Appendix B and Πνν
′
00 (q) = Π
νν′
00 (q, ων = 0). j
ν
0 (q) is
the Fourier transformed eld of jν0r [Eq. (15)℄. Eq. (17)
shows that half the fermion density is the onjugate vari-
able of the phase θr of the pairing eld. Eqs. (17-18)
agree with Eq. (2.3) of Ref. 19 exept for the oeient
of δρ−qδ|∆|q whih is found to have opposite sign.26
We now disuss the strong-oupling limit (not onsid-
ered in Ref. 19). To leading order in ρ0a
3
and |q|a, we
have (Appendix B)
27
αq =
(
1
4πρ0a3
)1/2(
1 +
9
4
πρ0a
3 +
1
6
|q|2a2
)
,
βq =
1
2ρ0ma2
(
1 + 4πρ0a
3 +
1
4
|q|2a2
)
,
γq =
m
2πa
(
1 +
3
2
πρ0a
3 +
7
48
|q|2a2
)
. (19)
Denoting by λ+q and λ
−
q the two eigenvalues of the u-
tuation matrix appearing in (17), we have
λ+q = βq + g
2αq
2
βq
,
λ−q = g
2
(
γq − αq
2
βq
)
, (20)
to order O(g2). For g → 0 (at xed a), the mode orre-
sponding to the eigenvalue λ+q is frozen, whih leads to
δ|∆r|
δρr
=
1
g
(
π
ρ0m2a
)1/2
. (21)
Density (δρr) and modulus (δ|∆r|) utuations do not
utuate independently in the low-energy limit but are
tied by the relation (21). From (17,19,21), we dedue
that the dynamis of the Fermi superuid is determined
by the eetive ation
S[ρ, θ] =
∫ β
0
dτ
∫
d3r
[
ρr
(
i
2
θ˙r +
(∇θr)
2
8m
− µB
2
)
+
πa
2m
(δρr)
2 +
(∇δρr)
2
32ρ0m
]
. (22)
Introduing the bosoni eld
ψr =
√
ρr
2
eiθr , (23)
we reover the standard ation of a Bose superuid,
S[ψ∗, ψ] =
∫ β
0
dτ
∫
d3r
[
ψ∗r
(
∂τ − µB − ∇
2
2mB
)
ψr
+
2πaB
mB
(ψ∗rψr − ρ0/2)2
]
, (24)
where mB = 2m and aB = 2a are the mass and the
sattering length of the bosons. The result aB = 2a
orresponds to the Born approximation for the boson-
boson sattering, while the exat result is aB = 0.6a.
28
Eqs. (24) and (22) are equivalent in the hydrodynami
regime where (∇ρr)
2/ρ0 ≃ (∇ρr)2/ρr.29
Thus, we have shown how, by introduing the physial
elds ρr and ∆r from the outset and expanding about
the mean-eld state in the strong-oupling limit, one ob-
tains the standard ation of a Bose superuid. Our ap-
proah should be ontrasted with a number of previous
works
6,13,14,15,16,17,18
where only the pairing Hubbard-
Stratonovih eld ∆HSr is onsidered and the expansion
is arried out about the non-interating state, whih gives
the ation (24) but for the eld
√
ρr/2e
iθHS
r
instead of the
ψ eld dened in (23).30
5III. LATTICE MODEL
In this setion, we onsider the attrative Hubbard
model on a bipartite lattie, with Hamiltonian
H = −t
∑
〈r,r′〉
(c†rcr′ +h.c.)−µ
∑
r
c†rcr−U
∑
r
nr↑nr↓. (25)
The operator c†rσ (crσ) reates (annihilates) a fermion
with spin σ at the lattie site r, cr = (cr↑, cr↓)
T
, and
nrσ = c
†
rσcrσ. 〈r, r′〉 denotes nearest-neighbor sites. The
hemial potential µ xes the average density ρ0 (i.e. the
average number of fermions per site) and −U (U ≥ 0) is
the on-site attrative interation.
We are interested in the strong-oupling limit U ≫
t where fermions form tightly bound omposite bosons
whih behave as loal pairs. The latter Bose ondense at
low temperature giving rise to superuidity. In order to
derive the low-energy eetive ation, we ould follow the
proedure used in Se. II. Here, we shall use a dierent
method, based on the mapping of the attrative Hubbard
model in the strong-oupling limit onto the Heisenberg
model in a uniform magneti eld.
20
Thus this approah
is based on a t/U expansion about the t = 0 limit rather
than on an expansion about the mean-eld state.
31
Under the anonial partile-hole transformation
32
cr↓ → (−1)rc†r↓, c†r↓ → (−1)rcr↓, (26)
the Hamiltonian beomes (omitting a onstant term)
H = −t
∑
〈r,r′〉
(c†rcr′ + h.c.)−
∑
r
c†r
(
U
2
+ h0σ
z
)
cr
+U
∑
r
nr↑nr↓, (27)
and orresponds now to the repulsive Hubbard model in
a magneti eld h0 = h0zˆ along the z axis,
h0 = µ+
U
2
, (28)
oupled to the fermion spins. The hemial potential
U/2 in (27), together with partile-hole symmetry, im-
plies that the system is half-lled. The density and pair-
ing operators transform into the three omponents of the
spin density operator:
ρr = c
†
rcr → c†rσzcr + 1,
∆r = cr↓cr↑ → (−1)rc†r↓cr↑,
∆†r = c
†
r↑c
†
r↓ → (−1)rc†r↑cr↓. (29)
The equation xing µ, 〈c†rcr〉 = ρ0, beomes an equation
xing the magneti eld: 〈c†rσzcr〉 = ρ0 − 1.
In the strong-oupling limit U ≫ t, the Hamiltonian
(27) simplies into
20
H = J
∑
〈r,r′〉
Sr · Sr′ − 2h0 ·
∑
r
Sr, (30)
where J = 4t2/U and Sr is a spin-
1
2 operator. Using
spin-
1
2 oherent states |Ωr〉 (Ω2r = 1),33 the ation of the
Heisenberg model (30) an be written as
S[Ω] =
∫ β
0
dτ
[∑
r
[〈Ωr|Ω˙r〉−h0 ·Ωr]+J
∑
〈r,r′〉
Ωr ·Ωr′
4
]
,
(31)
where |Ω˙r〉 = ∂τ |Ωr〉.
The eetive ation S[ρ,∆] of the superuid system
is obtained by rewriting the ation (31) in terms of the
density and pairing elds of the attrative model. In the
strong-oupling limit, Eqs. (29) (written now for elds
rather than operators) beome
20
ρr = Ω
z
r + 1,
∆r =
(−1)r
2
Ω−r ,
∆∗r =
(−1)r
2
Ω+r , (32)
where Ω±r = Ω
x
r ± iΩyr . The ondition Ω2r = 1 implies
that ρr and ∆r do not utuate independently but are
tied by the relation
|∆r| = 1
2
[ρr(2− ρr)]1/2. (33)
In the low-density limit (ρr ≪ 1), where the Pauli
priniple (whih prevents two omposite bosons to o-
upy the same site) should not matter, we expet to re-
over the standard ation of a Bose superuid. In that
limit, |∆r| ≃
√
ρr/2; the pair density |∆r|2 equals half
the fermion density ρr, and ∆r = |∆r|eiθr oinides with
the bosoni eld ψr =
√
ρr/2e
iθr
. To order O(ρ2r), we
dedue from (31-33)
S[ρ, θ] =
∫ β
0
dτ
{∑
r
[
i
2
ρrθ˙r −
(
h0 +
Jz
4
)
ρr
]
+
J
4
∑
〈r,r′〉
[ρrρr′
−(ρrρr′)1/2(2 − ρr) cos(θr − θr′)]
}
. (34)
The term (i/2)ρrθ˙r omes from the Berry phase term
〈Ωr|Ω˙r〉 of the ation S[Ω] [Eq. (31)℄ with a proper gauge
hoie.
20
If we further assume that ρr and θr are slowly
varying in spae, we obtain
S[ρ, θ] =
∫ β
0
dτ
{∑
r
[
i
2
ρrθ˙r −
(
h0 +
Jz
4
)
ρr +
Jz
4
ρ2r
]
−J
2
∑
〈r,r′〉
(ρrρr′)
1/2 cos(θr − θr′)
}
. (35)
6or, equivalently,
S[ψ∗, ψ] =
∫ β
0
dτ
{∑
r
[
ψ∗r (∂τ − µB)ψr +
UB
2
|ψ4r |
]
−tB
∑
〈r,r′〉
(ψ∗rψr′ + c.c.)
}
, (36)
where tB = J/2, UB = 2Jz, µB = 2h0 + Jz/2, and z is
the number of nearest-neighbor sites. We therefore ob-
tain the ation of the Bose-Hubbard model with on-site
repulsive interation UB and nearest-neighbor hopping
amplitude tB. In the ontinuum limit and for a ubi
lattie, the latter gives a boson mass mB = 1/J as ob-
tained in Ref. 20.
IV. CONCLUDING REMARKS
In this paper, we have shown that a Fermi superuid in
the strong-oupling limit, where superuidity originates
from BEC of omposite bosons, an be desribed by the
omplex eld ψr =
√
ρr/2e
iθr
, where ρr is the fermion
density and θr the phase of the pairing eld ∆r. Suh
is desription is made possible by the fat that density
(ρr) and amplitude (|∆r|) utuations are not indepen-
dent in the strong-oupling limit. The eetive ation
S[ρ, θ] is derived by introduing the physial elds ρr
and ∆r from the outset by means of Lagrange multi-
plier elds ρHSr and ∆
HS
r . The latter play the role of
the Hubbard-Stratonovih elds usually introdued via
a Hubbard-Stratonovih transformation of the fermion-
fermion interation.
For ontinuum models, the eetive ation is derived
from an expansion about the mean-eld state. It orre-
sponds to the usual ation of a Bose superuid of den-
sity ρr/2 where the bosons have a mass mB = 2m and
interat via a ontat potential with amplitude gB =
4πaB/mB, aB = 2a.
For lattie (Hubbard) models, the eetive ation is ob-
tained from an expansion about the t = 0 limit, using the
mapping of the attrative Hubbard model in the strong-
oupling limit onto the Heisenberg model in a uniform
magneti eld. The eetive model is a Bose-Hubbard
model with an on-site repulsion UB = 2Jz (with z the
number of nearest-neighbor sites) and a nearest-neighbor
intersite hopping amplitude tB = J/2, where J = 4t
2/U .
APPENDIX A: LOW-ENERGY EFFECTIVE ACTION S[ρ,∆]
In this appendix, we derive the eetive ation (17) starting from Eq. (16). The rst and seond order umulants
are given by
〈S′〉 =
∫ β
0
dτ
∫
d3r [−iρ0ρHSr − i∆0(∆HSr +∆HSr
∗
)],
〈S′2〉c =
∑
q
[
−ρHS−qΠzz00(q)ρHSq − 2ρHS−qΠz+00 (q)∆HSq − 2ρHS−qΠz−00 (q)∆HS−q
∗ −∆HS−qΠ++00 (q)∆HSq
−∆HSq
∗
Π−−00 (q)∆
HS
−q
∗ − 2∆HS−qΠ+−00 (q)∆HS−q
∗
]
. (A1)
The seond order umulant is written in Fourier spae. The mean-eld orrelation funtion Πνν
′
00 (q) = 〈jν0 (q)jν
′
0 (−q)〉c
is dened in Se. II B. To obtain (A1), we have used the fat that mean-eld orrelation funtions involving the
urrent j0r vanish (Appendix B). In the low-energy limit, we an approximate Π
νν′
00 (q) by its stati limit Π
νν′
00 (q) =
Πνν
′
00 (q, ων = 0).
Integrating out the Hubbard-Stratonovih eld ρHSr , we obtain
S =
∫ β
0
dτ
∫
d3r
[
−gδ|∆r|2 − g
4
δρ2r + ρr
( i
2
θ˙r +
(∇θr)
2
8m
− µB
2
)
+ i(∆HSr
∗
+∆HSr )δ|∆r|
]
+
∑
q
{
1
2
Π++00 (q)(∆
HS
−q∆
HS
q + c.c.) + ∆
HS
q
∗
Π+−00 (q)∆
HS
q
+
1
2
Πzz00(q)
−1
[
δρ−qδρq − 2iΠz+00 (q)δρ−q(∆HSq +∆HS−q
∗
)−Πz+00 (q)
2
(∆HS−q∆
HS
q +∆
HS
−q
∗
∆HSq + 2|∆HSq |2)
]}
,(A2)
where δρr = ρr− ρ0 and δ|∆r| = ∆r−∆0. Here we have negleted onstant terms and use the saddle-point equations
(5).
To obtain the ation S[ρ,∆] in terms of the physial elds only, one has then to integrate out the Hubbard-
7Stratonovih eld ∆HS:∫
D[∆HS] exp
{
−S0[∆HS]− i
∑
q
(∆HSq +∆
HS
−q
∗
)[δ|∆|−q −Πzz00(q)−1Πz+00 (q)δρ−q]
}
= exp
{
−1
2
∑
q
〈(∆HSq +∆HS−q
∗
)(∆HS−q +∆
HS
q
∗
)〉0[δ|∆|q −Πzz00(q)−1Πz+00 (q)δρq][δ|∆|−q −Πzz00(q)−1Πz+00 (q)δρ−q]
}
= exp
{1
2
∑
q
[M11(q) +M22(q) + 2M12(q)][δ|∆|q −Πzz00(q)−1Πz+00 (q)δρq][δ|∆|−q −Πzz00(q)−1Πz+00 (q)δρ−q]
}
, (A3)
where averages 〈· · · 〉0 are taken with the Gaussian ation
S0[∆
HS] = −1
2
∑
q
(∆HSq
∗
,∆HS−q)M
−1(q)
(
∆HSq
∆HS−q
∗
)
,
M−1(q) =
(
−Π+−00 (q) + Πzz00(q)−1Πz+00 (q)
2 −Π++00 (q) + Πzz00(q)−1Πz+00 (q)
2
−Π++00 (q) + Πzz00(q)−1Πz+00 (q)
2 −Π+−00 (q) + Πzz00(q)−1Πz+00 (q)
2
)
. (A4)
In the following, we denote by Aq and Bq the diagonal and o-diagonal omponents of M
−1(q), and Cq = Aq +Bq.
The eetive ation S[ρ,∆] dedued from Eqs. (A2,A3) is given by Eq. (17).
APPENDIX B: MEAN-FIELD CORRELATION
FUNCTION
In this appendix, we alulate the mean-eld orrela-
tion funtion Πνν
′
µµ′(q) = 〈jνµ(q)jν
′
µ′ (−q)〉c (ν, ν′ = x, y, z;
µ, µ′ = 0, x, y, z) in the strong-oupling limit ρ0a
3 ≪ 1
and for |q|a≪ 1.
1. General expression
jνµ(q) is the Fourier transformed eld of j
ν
µr [Eq. (15)℄:
jν0 (q) =
1√
βV
∑
k
φ†kσ
νφk+q,
j0µ(q) =
1√
βV
∑
k
1
m
(
kµ +
qµ
2
)
φ†kφk+q (µ 6= 0),(B1)
where V is the volume of the system and V −1
∑
k =
∫
k
for V → ∞. k = (k, iω) and ∑k = ∑k,ω where ω is a
fermioni Matsubara frequeny. We have
Πzz00(q) = −
2
βV
∑
k
[G(k)G(k + q)− F (k)F (k + q)],
Πz+00 (q) = Π
z−
00 (−q) = −
2
βV
∑
k
G(k + q)F (k),
Π++00 (q) = Π
−−
00 (q) = −
1
βV
∑
k
F (k)F (k + q),
Π+−00 (q) =
1
βV
∑
k
G(k)G(−k − q),
Π00µµ′(q) = −
2
βV
∑
k
1
m2
(
kµ +
qµ
2
)(
kµ′ +
qµ′
2
)
×[G(k + q)G(k) + F (k + q)F (k)], (B2)
where G and F are the mean-eld propagators [Eq. (7)℄.
The orrelation funtion 〈j0µ(q)jν0 (−q)〉 (µ 6= 0) vanishes.
In the following, we onsider the stati limit Πνν
′
00 (q) =
Πνν
′
00 (q, ων = 0). Performing the sum over Matsubara
frequeny in (B2) in the T = 0 limit, we obtain
Πzz00(q) =
∫
k
1
Ek + Ek+q
(
1− ξkξk+q
EkEk+q
+
∆HS0
2
EkEk+q
)
,
Πz+00 (q) = Π
z−
00 (q) =
∫
k
∆HS0 ξk
(Ek + Ek+q)EkEk+q
,
Π++00 (q) = Π
−−
00 (q) = −
∫
k
∆HS0
2
2(Ek + Ek+q)EkEk+q
,
Π+−00 (q) =
∫
k
1
2(Ek + Ek+q)
(
1 +
ξkξk+q
EkEk+q
)
. (B3)
The orrelation funtion Π00µµ′ (q) vanishes for q = 0.
Sine j0µr multiplies ∂µθr in the ation S
′
, it is suient
8to onsider Π00µµ′ (q = 0) to obtain the eetive ation
S[ρ,∆] to order (∂µθr)
2
.
We next expand the orrelations to order O(|q|2).
Writing ξk+q = ξk+Xk,q with Xk,q = k·q/m+ |q|2/2m,
we obtain
Πzz00(q) =
∫
k
[
∆HS0
2
E3k
+
(
− 3ξk
2E3k
+
3ξ3k
2E5k
)
Xk,q
+
(
− 1
2E3k
+
3ξ2k
E5k
− 5ξ
4
k
2E7k
)
X2k,q
]
,
Πz±00 (q) =
∫
k
∆HS0 ξk
2E3k
(
1− 3ξk
2E2k
Xk,q
−3E
2
k − 10ξ2k
4E4k
X2k,q
)
,
Π++00 (q) = Π
−−
00 (q)
= −
∫
k
∆HS0
2
4E3k
(
1− 3ξk
2E2k
Xk,q
−3E
2
k − 10ξ2k
4E2k
X2k,q
)
Π+−00 (q) =
1
2
∫
k
[
1
2Ek
+
ξ2k
2E3k
+
(
ξk
4E3k
− 3ξ
3
k
4E5k
)
Xk,q
+
(
− 1
8E3k
− 7ξ
2
k
8E5k
+
5ξ4k
4E7k
)
X2k,q
]
. (B4)
2. Strong-oupling limit ρ0a
3 ≪ 1
In the strong-oupling limit, the hemial potential µ
is negative. We then have∫
k
1
ξk
=
mΛ
π2
− m
3/2|µ|1/2√
2π
,
∫ ∞
0
dk
k4
ξ3k
=
3πm5/2
2
√
2|µ|1/2 . (B5)
Other useful relations are obtained by dierentiating
Eqs. (B5) with respet to µ. Note that Λ is sent to in-
nity whenever the integral over k onverges. In the
strong-oupling limit, the small parameter expansion is
∆HS0
2
/|µ|2 ∼ ρ0a3. Approximate expressions of the
mean-eld orrelation funtions an be obtained by ex-
panding Eqs. (8) and (B4) in power of ∆HS0
2
and using
Eqs. (B5) (as well as those obtained from (B5) by dif-
ferentiating with respet to µ). A straightforward (but
somewhat lengthly) alulation then gives Eq. (9) and
Πzz00(q) = ρ0ma
2
(
1− 4πρ0a3 − |q|
2
a2
4
)
,
Πz±00 (q) =
(
ρ0m
2a
4π
)1/2(
1− 7
4
πρ0a
3 − |q|
2
a2
12
)
,
Π++00 (q) = −
ρ0ma
2
4
(
1− 4πρ0a3 − 5
16
|q|2a2
)
,
Π+−00 (q) =
1
g
− ρ0ma
2
4
(1− 4πρ0a3)− ma|q|
2
32π
. (B6)
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